Introduction
Let M be a smooth 3-manifold and g a pseudoriemannian metric tensor on M. Let Gi (M) denote the Grassmannian bundle with fibers
G2(T X M),
the space of (2-dimensional) planes in the tangent space T X M at a point x (E M. Observe that each Gi(T x M) may be regarded as a (real) algebraic variety, diffeomorpliic to the (real) projective plane P 2 . As in [1] , we shall regard the sectional curvature K x at each point x € M as a rational mapping of algebraic varieties G2{T X M) -»• R, or a rational function for short. The group of all automorphisms of Gi(T x M) is isomorphic to PGL$ = PGL 3 (R), the group of projective automorphisms of P 2 . We may then ask: what is the largest subgroup of PGL3 which leaves K x invariant as a rational function? We shall refer to this group as the symmetry group of K at x. Throughout this paper, we shall concentrate on the Lorentzian case, giving complete details. On the other hand, we shall merely summarize the Riemannian case, omitting details and leaving them for the reader to supply.
Thus, in Section 2, we determine the possible symmetry groups for Lorentzian sectional curvature, finding them to be (Lorentzian) vector space [10, pp. 261-262] . For comparison, we list the corresponding results for Riemamiian sectional curvature.
In Section 3, we study the existence of naturally reductive spaces in which the symmetry group of K is the same at every point. All continuous symmetry groups (see Theorem 2.2) can be realized on compact models, but there are no naturally reductive models of constant negative curvature or with any discrete symmetry group. We do not seek a "neat" classification here, so questions about effectiveness of actions are of no relevance to us, for example. ( Cf. [2, p. 58f ] for a list of isometry classes of simply connected Riemannian homogeneous spaces of dimension 3.)
Finally, Section 4 contains some particular examples. In most cases, we are able to obtain models which are trivial circle bundles over surfaces. We defer to another paper [3] the exhibition of more explicit forms of metric tensors on these spaces; the techniques used there are not directly related to those used here. We also defer to other papers [3, 4] the exhibition of examples which are not naturally reductive, including all left-invariant Lorentzian metric tensors on 3-dimensional Lie groups.
Our Lorentzian metric tensors will have signature -| .In some cases, we shall have to distinguish among the possible orderings H , -|-, h (To convert to the other signature convention + + -, see [10, p. 92 
If A is a matrix regarded as a linear transformation R™ -• R n , then the • 22 0 induced mapping f\ A: f\ R n -> A" R n is given by the matrix classically called the second compound of A, the matrix whose entries are the determinants of 2 x 2 submatrices of A in an appropriate ordering [7, Sec. 7.2] .
Throughout, we shall regard the Riemann tensor Rijki as a quadratic form on /\ 2 TM and thus, via the Pliicker embedding, on Gi{M)] cf. [1] . Then the sectional curvature appears as a rational function on G2(M) in the form of a quotient of two quadratic functions: .0
We note that these forms can also be characterized in terms of eigenvectors of R: CF1 corresponds to a timelike eigenvector, CF2 to a spacelike eigenvector, CF3 to a double null eigenvector, and CF4 to a triple null eigenvector; compare [6, §4.3] .
We now determine the pointwise symmetry group of each associated sectional curvature K x = R x / /\ 2 g x . Before we begin, let us note that these symmetry groups may also be regarded as parameterizing the choices of local orthonormal coordinates with respect to which R x appears in its canonical form.
,
Observe that if R x = c f\ g x , then K x = c is a constant and is invariant under all automorphisms of the Grassmannian G^X^M). Therefore, in this case the symmetry group is PGL3. In terms of our canonical forms, constant sectional curvature at x is characterized by CF1 with A = -B = -c. Note that in all other cases, the symmetry group will be a subgroup of POf ( +); see Table 1 .
The procedure for determining the remaining symmetry groups is as follows. First, the invariance group of R x on /\ 2 T X M, expressed with respect to an appropriate orthonormal basis of T X M, is {A G GL3 ; A l R x A = R x }. Note that with respect to the same basis, the invariance group of /\ 2 g x is Oi( (-) < GL3. The desired symmetry group of Ii x is then the projectivization of the intersection of these two invariance groups. = R x and calculates directly to obtain the invariance group, finding that A is diagonal with all three diagonal entries il. But this time, one also obtains G22 = 033• Projectivizing, we obtain a symmetry group isomorphic to Z2.
Next, consider CF3. Using the same procedure, we find two cases. When B ^ -A, we obtain the group isomorphic to Z2 as for CF'2. When B = -A, we obtain the group HT of horocyclic translations (called "null rotations" in relativity because there is a fixed null direction). The identity component of this group consists of all the matrices
, t e R, 0 0. Finally, consider CF4. Direct calculation from A T R X A = R X again yields a diagonal A, now with an = <122 = a33 = ±1. Projectivizing, we obtain the trivial group 1.
This completes the determination of all possible pointwise symmetry groups for the sectional curvature function K X of a Lorentzian 3-manifold, as listed in Table 1 .
We conclude this section with the Riemannian case. Here, selfadjoint transformations correspond to symmetric matrices, which are always orthogonally diagonalizable. Thus only CF1 occurs for Riemannian metrics, and we obtain Table 2 . 
Existence of naturally reductive models
In this section, we determine which CF types can be realized on naturally reductive spaces so that the CF type of K (and thus the symmetry group) is the same at every point. Thus we now consider naturally reductive homogeneous spaces M = GL H of dimension 3 with a left-invariant Lorentzian metric tensor.
According to Corollary 2.11, p.198, Theorem 3.3 (2), p. 201, and the definition preceding Proposition 3.4, p. 202, of [8] , naturally reductive Lorentzian homogeneous spaces are complete. From Proposition 33, p. 255, and Lemma 28, p. 253, of [8] , it follows that dim G < 6. For connected AI, dim G = 6 implies constant curvature. Thus we need to consider only G of dimensions 3, 4 and 5. Examining (3.7) and the canonical forms CF1-CF4, we claim that only those cases of CF1 in which two of a, b, c have the same absolute value and those of CF3 in which -A = B < 0 are possible when dim G = 4, and that CF2 and CF4 do not occur. We proceed to show this.
In order to obtain CF1, suppose first that at least two of the c\-in (3.4) are nonzero, whence all c*-4 = 0, or that all c\-vanish, whence all c} 4 are arbitrary. Calculating, we find the curvature matrix We observe that in all cases of constant curvature it is nonnegative; it is not possible to obtain constant negative curvature with dim 0 = 4. Also, in all cases at least two of A, B, c have the same absolute value and the symmetry group Z2 © Z2 cannot be realized. There are no other constraints on the production of CF1.
Note that while the form of CF1 does not depend on the ordering of (ei,e2,e3), all of CF2-4 do. Thus we may as well assume from now on that (ei,e2,e3) are ordered so that 1 = £1 = -e2 = -fain order to obtain CF2, it follows from the structure equations (3.4) and the canonical form of Theorem 2.2 that this can occur if and only if C 12
^ an d £1 + £2 / 0. This contradicts our assumption, so CF2 cannot be produced with dim 0 = 4.
In order to obtain CF3, we must have R1213 = R1223 = 0 whence c24 = C12 = 0. We must also have R1323 = ±1/2 whence c^c^ = cf^c^ = ±1/2. Now -\(cl2) 2 = b so we can produce only those CF3 in which b < 0, but this is the only constraint on B. If we regard B as given and substitute using the preceding relations, then we obtain Using the reciprocity of the left-hand sides, this system has a unique solution and we can produce CF3 only for -X -B < 0.
Finally, in order to have CF4 we must have R1323 = 0 whence c^c^ = c i4 c 23 = We must also have #1213 = -R1223 = -I/a/2 whence c 3 4Ci2, c 24 c 3i> c 24 c 23> c 34 c i2 0. These conditions are contradictory so CF4 cannot be produced with dim0 = 4.
dimG = 5
Let 0 have basis (ei, e2, e3, e^, e5) and again assume that it is 5-orthonormal. This time we take t) = (e^, e$), so [e4, es] must be a subalgebra, and m = [ei,e2,e3] again. We continue with 1 = £1 = -£2 = -£3, and now both £4 and £5 are free. Working again from the reductive condition (3.1), the For example, the first of these is obtained by taking the third equation plus the fourth plus the seventh from (3.9). It follows that unless " 64C5 -65C4 = 0, then Tit = = 0. Thus we shall initially assume that (3.11) holds. In order to obtain CF1, we must have #1213 = #1223 = #1323 = 0, which via (3.10) is equivalent to Note that our assumption of (3.11) implies that 0t-and 7j do not necessarily all vanish, so it is possible to obtain nonconstant curvature. If all aj,6j,Cj vanish, however, we would also have constant curvature. Thus we also need at least one of the following satisfied: If all three hold, then we are again reduced to constant nonnegative curvature. Thus we shall consider only the cases where exactly one or two hold.
If one does not hold and the other two do, then in each case it now follows from two of the last three equations in (3.9) that 714 = «5 = 0, whence the one in fact holds. Therefore this case is not possible.
If (3.12) holds and the other two do not, then ai -bi = 0 so #1212 = -#2323 < 0 and the symmetry group is PO{ when ($¿04 + 73C5 ^ 0, PGL3 when it is. If (3.13) holds and the other two do not, then a; = c,-= 0 so #1212 = #1313 < 0 and the symmetry group is P02 when 02 64 + 7265 ^ 0, PGLz when it is. If (3.14) holds and the other two do not, then 6j = Cj = 0 so #1313 = -#2323 5: 0 and the symmetry group is PO\ when 0104+7105 ^ 0, PGLz when it is. Note that in all these cases of constant curvature, it is also nonnegative. We come at last to CF4. Considering (3.11) both holding and not, it is easy to see that this form cannot be produced with dim G = 5.
As noted at the end of Section 2, only CF1 occurs in the Riemannian case. Theorem 3.1 continues to hold if "Lorentzian" is changed to "Riemannian", "Minkowskian" to "Euclidean", and "50? + " to "S03". If dimG = 4, we take £1 = £2 = £3 = 1 and now obtain only those CF1 in which two of A, B, c have the same positive value. Thus there is no naturally reductive Riemannian model with dim G = 4 and symmetry group Z2 © Z2. When dimG = 5, we also take £1 = e2 = £3 = 1 and still obtain only those symmetry groups from CF1 except Z2 © Z2. Note that these actions are not effective. This concludes our summary of the Riemannian case.
Naturally reductive examples
Here we shall present a few selected examples with dim G = 4 and 5. All the cases in which we were able to identify the Lie algebra can be realized as circle bundles over surfaces, but the surfaces may be open. We do not know if this is a general feature; this should be investigated further.
The first examples will be those with dim G = 4. Recall the general structure equations (3.4). We also recall that here only those CF1 in which two of a, B, c have the same absolute value and only those CF3 in which -A = B < 0 are possible.
We begin with CF1. Referring to the discussion following (3.7), the case where all c\-^ 0 is typical for at least two of them not vanishing. Signature -\ is also typical here, so we shall write only it down. Then g has structure equations .
[«3165] = 72^2-If q = 0, then 0 = (ex) x 0 X where 0 X is a central extension (a product if ¿4 = 0) of aoj by (e 4 ) and we obtain models with symmetry group P0 2 -Since es is not the compact generator of so\, none of them are compact. If a ^ 0, then 0 is a central extension (a product if ¿ 4 = 0) by (e 4 ) of an unidentified 4-dimensional Lie algebra.
All of the other Lie algebras remain unidentified. We hope to return to these later.
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